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Abstract

Group LASSO (gLLASSO) estimator has been recently proposed to estimate thresholds
for the self-exciting threshold autoregressive model, and a group least angle regres-
sion (gLAR) algorithm has been applied to obtain an approximate solution to the
optimization problem. Although gLAR algorithm is computationally fast, it has been
reported that the algorithm tends to estimate too many irrelevant thresholds along with
the relevant ones. This paper develops an active-set based block coordinate descent
(aBCD) algorithm as an exact optimization method for gLASSO to improve the per-
formance of estimating relevant thresholds. Methods and strategy for choosing the
appropriate values of shrinkage parameter for gL ASSO are also discussed. To consis-
tently estimate relevant thresholds from the threshold set obtained by the glLASSO, the
backward elimination algorithm (BEA) is utilized. We evaluate numerical efficiency
of the proposed algorithms, along with the Single-Line-Search (SLS) and the gLAR
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algorithms through simulated data and real data sets. Simulation studies show that the
SLS and aBCD algorithms have similar performance in estimating thresholds although
the latter method is much faster. In addition, the aBCD-BEA can sometimes outper-
form gLAR-BEA in terms of estimating the correct number of thresholds under certain
conditions. The results from case studies have also shown that aBCD-BEA performs
better in identifying important thresholds.

Keywords Karush—Kuhn—Tucker - Group LASSO - SETAR - aBCD algorithm -
BEA - Sparsity conditions
1 Introduction

The (m + 1)-regime threshold autoregressive (TAR) model of order p, or TAR(p) for

the time series {y;,t = 1, - - - , n}, is defined as
m+1 _ P m+1
=y <¢(§” + Zqﬁ”yt_i) I,(s) = Y x!;Ir,(s) +e&. (1)
j=1 i=1 j=1
id
si=on,  m~ DO 1), t=p+lee,n, @)

where x' = (1, yi—1, yi—2, -+, Yi—p)s ¢, = (¢(()j),¢§’), . ~¢;,”)T is the set of
parameters for regime j, R = (r;_1, r;] are the threshold intervals with conventions
of ro = —00, ry41 = oo and Ry41 = (1, 00), the indicator function IR, (sy) =1,
if s, € R, zero otherwise and D(0, 1) is a distribution with zero mean and unit
variance. Here, {s;,t = p + 1, - - - , n} is the threshold process (sometimes referred to
as a switching variable), which controls the switching or jump between the regimes.
It follows that the error term &;,t = p + 1, - -+ , n, are independent and identically
distributed with E(g;) = 0 and a constant variance Var(g;) = o2. In this paper, we
assume s; = y;_4, where the integer 0 < d < p is called a delay parameter, and this
subclass is called a self-exciting TAR (or SETAR) model.

The TAR model was initially proposed by Tong (1978) and several of the TAR
sub-classes, including the self-exciting are discussed by Tong and Lim (1980) and
Tong (1990). The TAR is an AR(p) model in each of several regimes. As such, itis a
piecewise model which is linear in each regime, but the overall time series process is
non-linear. The piecewise nature of the TAR model is able to capture some important
non-linear phenomena, such as sudden jumps, asymmetric limit cycles and chaos,
sub and higher harmonics, and amplitude dependent frequency (Tong and Lim 1980;
Tong 1990). Since TAR is a piecewise linear extension of a linear AR model, its
interpretation is simple and similar to the interpretation of linear models (Li and Ling
2012).

Estimation of SETAR model involves the determination of the number of regimes,
thresholds, delay parameter and model order (Chen et al. 2011). The estimation
procedure is usually complicated and can be computational costly, despite the well-
established asymptotic theory of the SETAR model estimation via least-squares (LS)
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and maximum likelihood (ML) estimators; for examples, see Chan (1993), Qian (1998)
and Li and Ling (2012).

Since the LS and ML functions are discontinuous in d and rj, j = 1,--- ,m,
obtaining global minimum for the LS and global maximum for the ML require a multi-
parameter grid search over all possible values of the r js and d, which is computationally
cumbersome, if not impossible, for large m (Li and Ling 2012; Chan et al. 2017). If d
is assumed to be known, then the computational cost to estimate all m thresholds via
the grid search is O (n™) (Bai and Perron 2003; Li and Ling 2012).

Some alternative techniques have been proposed to speed-up the thresholds esti-
mation time. For m = 1, Li and Tong (2016) developed the nested sub-sample search
(NeSS), which drastically reduces the computational cost of one-dimensional grid
search algorithm for two-regime threshold models, from O (n) to O(log n). For the
case of unknown m, Gonzalo and Pitarakis (2002) proposed sequential estimation pro-
cedure to estimate multiple thresholds, which has linear computational cost O (mn)
and requires only a one-dimensional grid-search algorithm for estimating each thresh-
old one at a time. Recently, Chan et al. (2015) proposed a fast approximation algorithm
called group least angle regression (gLAR) for the group least absolute shrinkage and
selection operator (gLASSO) estimator to locate and estimate relevant change-points
for areformulated SETAR model, which then used as a proxy for estimating thresholds.
However, it was reported in Chan et al. (2017) that the gLAR suffers from estimat-
ing excessive irrelevant change-points/thresholds even after performing the additional
step of threshold filtration procedure.

gLASSO is a type of regularization method which is a natural extension of the
standard LASSO (Yuan and Lin 2006; Nardi and Rinaldo 2008). Unlike the standard
LASSO which penalizes individual parameters, gLASSO imposes a penalty on the £5-
norm of the set of model parameters, in order to obtain a group-wise sparse parameter
estimate. Furthermore, gLASSO penalizes all sets of parameters at the same rate
without evaluating the importance of each of them. Thus, it tends to overpenalize
large coefficients. Despite being able to perform parameter estimation and model
selection simultaneously, gLLASSO has notable drawback of estimation inefficiency
and selection inconsistency similar to that of the standard LASSO, if certain sparsity
conditions are not met (Wang and Leng 2008; Bach 2008; Nardi and Rinaldo 2008).

Some differences between gLAR and the gLASSO are described as follows. First,
gL ASSO uses a set of values of shrinkage parameter A, along the solution path while
gLAR computes the entire path of solutions without evaluating each value of A,.
Second, if the design matrix of a model is not orthonormal or there is more than
one covariate in a group, the path solution of gLASSO is not piecewise-linear while
the path solution of gLAR is a piecewise-linear. Third, gLAR uses the average squared
correlation between a group of covariates and the current residual for adding covariates
into a model while gLASSO evaluates Karush—Kuhn—Tucker (KKT) conditions for
the same purpose. Fourth, gLAR lacks a covariate removal procedure while gLASSO
might remove some of covariates during the evaluation of KKT conditions (Yuan and
Lin 2006; Roth and Fischer 2008; Yau and Hui 2017).

In this paper, we propose an exact optimization algorithm for the gLASSO, called
the active-set based block coordinate descent (aBCD) as an alternative to gLAR
algorithm in order to improve the estimation performance of change-points for the
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reformulated SETAR model. A similar algorithm known as the Single-Line-Search
(SLS) has been applied by Foygel and Drton (2010) for linear regression without the
use of the active-set strategy developed by Roth and Fischer (2008). However, they
indicated that including an active-set strategy in the algorithm is a possible extension
and could improve the computational time. In our change-point problem, the SLS
algorithm is ineffective in controlling the estimation number of change-points due to
the high-dimensionality and its behavior of cycling through all groups of parameters
for each iteration causing higher computational time. On the other hand, the active-
set strategy in our aBCD algorithm enables us to monitor and assert control over the
estimation of the number of change-points up to a predetermined upper bound.

In addition, our gLASSO criteria for the change-point model in this study is a
modified version of one given in Foygel and Drton (2010) and Chan et al. (2015), and
we implemented a non-derivative approach of bisection method in our algorithm as
an alternative to Newton’s method suggested by Foygel and Drton (2010) for the root
search approximation in gLASSO. Methods and strategy for choosing the appropriate
values of shrinkage parameter for gLASSO are also discussed. Monte Carlo simulation
and case studies compare the estimation performance between the aBCD and gLAR
approaches.

Throughout this paper, we denote the true parameters with a superscript 0 and their
estimates parameter with circumflex “hat” symbol on top. In particular, r? and 7;

denote the true and estimated jth thresholds, respectively; t}) and?} denote the true

and estimated jth change-points, or the location of jth thresholds, respectively; nlo

and 7 denote the true and estimated number of thresholds, respectively; ¢?, and ¢;

denote the respective true a’gd estimated set of parameters, for j "= 1,2,---,m%and
j=12-- m %0 and ¥ denote the respective set of true and estimated change-
points; and % and R denote the respective set of true and estimated thresholds. The
notations ® and I, denote respectively, the Kronecker product operator and (p x p)
identity matrix.

This paper is organized as follows. The transformation of SETAR model into a
change-point model is detailed in Sect.2. In Sect. 3, we formulate the group LASSO
for the reformulated SETAR model. Discussion on main assumptions and theoreti-
cal results are given in Sect. 4. In Sect.5, computational algorithms and post-analysis
procedures are given to estimate the SETAR model. Performance of exact and approx-
imation gLASSO algorithms is evaluated through empirical studies in Sects. 6 and 7.
Final remarks are given in Sect. 8.

2 SETAR as change-point model

As stated by Hansen (2000), a threshold model is very similar to a change-point model,
except the structural change of data occurs along the observation of the threshold
process instead of sampling index. Thus, the threshold variable s; plays the role of
the time index ¢. If the threshold variable takes a set of discrete values, the TAR
parameters can be estimated by first sorting the observations in ascending order of the
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observations of the threshold process, and subsequently applying well-known methods
for change-point model.

Tsay (1989, 1998) and Bai and Perron (2003) proposed an algorithm to convert
threshold model estimation into a change-point estimation problem using a particular
sorting procedure known as arranged autoregression, which is commonly applied in
both frequentist (Coakley et al. 2003; Chan et al. 2004) and Bayesian (Chen 1995; Pan
et al. 2017) analyses. Under this procedure, the structure of threshold model remains
unaffected despite the arrangement of threshold observations (Tsay 1998; Bai and
Perron 2003). The main benefits of performing arranged autoregression is it simplifies
the process of estimating thresholds by arranging and constraining possible positions
of the thresholds so that observations can be appropriately grouped and separated into
their respective regimes (Li and Ling 2012).

For the SETAR model, let y = (yp41,Yp+2, -, ) and y; = (Ypti—d-
Yp42—d> s yn—a)T. Let Yy Vg 70 s ynN)T be the order statistics of the obser-
vations in y,;, where m; is the original index of the ith smallest observations in
ygs and N := n — p is called an effective sample size. Then the vector y, :=
V14ds Yotds y,TN+d)T is the column vector of rearranged elements of y, with
Vo1 < Ymp < +++ < yzy. Note that this procedure also works well for observations
with tied values. The arranged autoregression data can also be expressed in a matrix
form (Coakley et al. 2003) and a spread sheet form (Chan et al. 2004), which are
quite useful for the estimation procedure (see Section 2.1.1 in Nasir (2020) for more
details).

To understand how a SETAR can be reformulated into a change-point model, con-
sider the following linear regression framework (Bai and Perron 2003; Qian and Su
2016),

)T

p
T
Vr+d = @0,7, + Zwi,n,ynﬂrdfi + &x,4a = Xr, @r, +Ex4d, t= I,---,N,(3)
i=1
where w;, = (00,7, ©1,7,, -+ , @ p,ﬂt)T is a vector of unknown parameters and th =

(1, Y, 4+d—1, Yri4d—2+ ** * » Ym+d—p)- For linking SETAR with (3), set

on=0; =@ ¢, 7T e RPT!
for t =tjq,---,tj—land j = 1,2,---,m + 1, with the conventions 7y = 1
and t,41 = N + 1, where t; € (2,---,N),for j = 1,--- ,m, is the jth change or

change-point parameter in (3), satisfying 2 <rj< Y- Under these settings,
(3) is referred to as a partial change-point model (Bai and Perron 2003). In this setup,

one need to estimate the set of change-points ¥ = {#1, 1, - , t,,}, the number of
thresholds m, and the regression coefficients wy,, forr € .
By the definition of wy,, the set of vectors {w;, (Wr, — wm)T, N (O

wzy_ )T} exhibits a groupwise sparse characteristic in the sense that it contains
only (m + 1) nonzero vectors, corresponding to the number of regimes in the SETAR
model. From the sparse characteristic, one can easily locate the change-points by iden-
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tifying the non-zero vectors in the set. Indeed, if @y, — @y, ; # 0, for some i > 2,
then i is a change-point.

Let6" := 0] .0%,. - .07 )T = (@f . (@n, —@x)". -+, (@ny = @ryy_)T)T
be the transformed N (p + 1)-dimensional row vector of parameters, in which only
(m + 1) of the vectors 6, are non-zero. Then, (3) can be expressed as

t
Vrikd = Xg, ) Om +€xa, for 1=1,2,--- N, @
k=1

Since 8" is groupwise sparse, we express (4) as

Yrtd =Xb Y Ot Exd )
ke{i:0,,#0,i<t}

to highlight the benefit of lower computational cost.
Define In = 1o ® 1,11 asa N(p + 1) x N(p + 1) block triangular matrix, where
1A isan (N x N) lower triangular matrix of ones. Then the design matrix,

xX 0 0 - 0 xX 00 -0 0
IxL 0 ... 0 0xl 0.0
X=|xL xI xL "o =10 0xI . 1 |Ia ©
o0 Do .0
x,{N X;N x,{N ~-~X£N 0 0 ---0 X;N

= [Xn,l Xnp Xn3 oo, XJT,N]

isa N x N(p+1) block lower triangular matrix, where X g, is the kth block of covari-
ates, for k = 1,---, N. Then (4) can be written in the following high-dimensional
sparse regression form:

v, =X0N +¢,. (7)

The regression setting (7) is similar to the high-dimensional regression model for
change-point problem in Chan et al. (2014) and Qian and Su (2016), except that
the samples being considered here are the effective samples. Relations between the
parameters in (1) and (7) can be expressed as

wr, =@y, for i =1,
0y = o, — wn,_, =¢;1—¢;#0, fori=t;>2andj=1,---,m, (8)
(l)ﬂi—(l)niilzo, fori€{2,~-~,N}\{I1,~'~,Im}.

Note that Z?:l O =011
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3 Penalized estimation methods

In this paper, we aim to estimate 8" by solving the following penalized LS objec-
tive/loss function:

@\N = arg minf(GN)
0N

©))

| N t 2 N
= arg min N Z (ynt+d — X; Z()ﬂk) + Ay Z ”0”,- ||2
=2

oN t=1 k=1

Note that (9) is a gLASSO optimization problem (Yuan and Lin 2006) for estimating
multiple changes of parameter vectors such that 07,(,) # 0, for i > 2, given an
appropriate selection of the shrinkage parameter A,. Furthermore, the optimization
(9) is similar to Equation (2.4) in Qian and Su (2016) for regression models with
multiple structural breaks. Due to the convexity of (9), any local minimizer for this
function is also a global minimizer, and convex optimizations methods are feasible

for minimizing (9). However, multiple solutions for b\N may exist as (9) may not be
strictly convex when the least squares estimator is not uniquely defined (e.g., when X
is linearly dependent) (Osborne et al. 2000; Huang et al. 2012; Tibshirani 2013).

It is also worth mentioning that (9) differs from those proposed by Harchaoui
and Lévy-Leduc (2010) and Chan et al. (2014) for change-point estimation, and also
Chan et al. (2015) for threshold estimation, since the vector of parameters 6, is not
penalized, as fp = 1 is not a candidate for a change-point in our study.

After obtaining 9" , the set of estimated change points are given by T . = {t:

0. #£0,1>2) = {11, -+, 1m}, where m = — card(%) is the estimated number

of change-points. Subsequently, the set of the estimated thresholds are given as 9% =
{;‘\1’7\2, ?m} {yzrxyyn»a"'sy;m}Whel‘e _tj_lfor]_lz

B b
By the close relationship between (1) and (7), the estlmated autoregressive parameters

for all regimes can be retrieved as ¢1 = 0711, and ¢j+1 = 2,.:1?9),,., for j =
1, .-, m. Algorithm-wise, coordinate descent method is also feasible for optimizing

(9) due to its convexity.

For gL ASSO to be consistent in selection of relevant groups, it is necessary for the
design matrix X to satisfy the groupwise irrepresentable condition, which requires
that any of relevant group of covariates is weakly correlated with any irrelevant group
of covariates (Bach 2008). In the case of (7), observe that these following three con-
secutive blocks of covariates X, o_;, X 0 and X, 0, given in (6), differ only in
one row. Thus, any block corresponding to the inde; tj has very high correlation
with the adjacent irrelevant blocks. Furthermore, Harchaoui and Lévy-Leduc (2010)
showed that similar design matrix to X with p = 0 does not satisty the irrepresentable
condition of Zhao and Yu (2006). In conclusion, a perfect estimation of number of
thresholds, e.g., (m = m?) is not possible under (9) for any A, under finite sample
size. Since there is a possibility of overestimating m, a post-analysis is discussed in
Sect.5.3 to obtain a consistent estimator of it.
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4 Assumptions and asymptotic properties

In this section, some common assumptions and conditions are stated for the consistency
of estimators for SETAR parameters using gLASSO.
- . 0 t_O_O r— 0 _,0
For j = 1,2, ,m +1,deﬁnedj_ i 1anddj_ ;T il Let
d’ . = min ‘ ,d . = min ‘

d! d" ~ ¢! H
1
min 1<jem01 I min 1<jzmos 197 ]+

Here, d! . denotes the minimum interval length of the regime, d’ . denotes the

and d;flm = min
I1<j<mb

minimum distance of two consecutive thresholds, and dflm denotes the minimum £;-

distance between consecutive parameter vectors of SETAR.

4.1 Assumptions

To establish the asymptotic theory, we impose the following assumptions.

HAT1 {n,} is a sequence of real valued independent and identically distributed ran-
dom variables with bounded, continuous and positive density, E (1,) = 0 and
E (In:D**T < oo, for some 7 > 0.

HA2 {y;} is a «a-mixing stationary process with geometric decaying rate with
E (ly:)**" < oo

HA3 {y,} is a positive and decreasing sequence converging to zero asn — 0, and
satisfies y, > c4log(N)@+9/T /N forsome ¢y > 0, Ny, (dmm) /(log N) — oo
and dr’nm/yn — 00.

HA4 (a) dmm > v, for some v, > 0, and (b) m® < mmax, an upper bound of the
number of thresholds.

HAS The sequence of non-negative regularization parameter {A,} satisfies A,/
d:;my,, — 0,asn — oo.

HA6 d!, /Ny, — oo asn — oo.

HA1-HA4 are the standard assumptions for the stability and the estimation of
threshold autoregressive models, similar to those in Chan et al. (1985), Chan (1993)

and Li and Ling (2012). For example, HA?2 is satisfied if HA 1 holds and either all roots
of the polynomial 1 — Y7 ¢z are outside the unit circle or sup j ‘¢>(f ) ‘ <1,

foreach j =1, ---,m%+ 1. For p = 1, the following conditions qb(l) <1, ¢(m+l)

L¢P 1 or gl >0, o0 = 1, 6" < 1, or gV < 0, ¢ <
1, qb(mH) = 1 implies that the time series is stationary and ergodic. Furthermore,
strong mixing property such as a-mixing in HA2 implied that the past and distance
future observations are asymptotically independent (Fan and Yao 2003; Tsay and Chen
2018).

The sequence {y,} in HA3 controls the rate at which 7; converges to r;) when the
number of thresholds is correctly estimated. For example, if m° is known, and r?
is fixed, then the threshold estimator 77, is found to be n-consistent (Qian 1998; Li
and Ling 2012; Chan et al. 2015) and thus y,, = O(1/n). However, if m® and rj
are unknown and they are estimated by glLASSO via the reformulated SETAR, then
Yu = (log N)®+9/T /N a much slower rate (Harchaoui and Lévy-Leduc 2010; Chan
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etal. 2015; Qian and Su 2016). Furthermore, HA3 requires that the minimum distance
between two consecutive thresholds is bigger than y;, (Chan et al. 2015).

HAA4 (a) is necessary to ensure that all thresholds are identified by considering
the changes in AR parameters. Furthermore, it plays an important role in obtain-
ing the n-convergence rate of thresholds and its limiting (asymptotic) distribution
of the threshold estimator when the number of thresholds is correctly estimated or
known (Qian 1998; Li and Ling 2012; Chan et al. 2015). HA4 (b) bounds the true
number of thresholds m° to its upper limit 7., for a consistent estimation of change-
points/thresholds (Gonzalo and Pitarakis 2002; Qian and Su 2016; Yau et al. 2015).
Note that m° may be allowed to increase at the (slow) rate of O (log(n)) or at a much
faster rate (Chan et al. 2015; Qian and Su 2016).

HAS provides condition for A,, which depends on d® and ¥n- By choosing A, =

min

(log N)/N and d mm > (log N y/4 the assumptions HA3, HA4 (a), HAS and HAG6 are

satisfied, leading to the convergence rate of w in estimating 7;. With this
choice, we can obtain an almost optimal rate of 1/n for the estimation of 7 up to the
logarithmic factor (Chan 1993; Li and Ling 2012).

Finally, HAG6 is required to satisfy LASSO-type conditions such as incoherent
design, or the restrictive eigenvalue condition (Nardi and Rinaldo 2008; Bickel et al.

2009), so that )
Leduc (2010) proved that, if the distance between two consecutive non-zero parameters

is equal to one, fy — #; = 1, for all k and / such that k — [ = 1, then the incoherent
design is not satisfied since hm 1nf Pmin(splogn) < -- — 0. This assumption implies

‘5N — N H —p 0 as n — oo. For example, Harchaoui and Lévy-

that the difference between two consecutlve change- pomts cannot be too close, and the
distance is at least larger than Ny, and tends to infinity at different rates, as n — oo.
Harchaoui and Lévy-Leduc (2010) assumed that dfnin > Nyy.

4.2 Asymptotic properties

The consistency of gLASSO estimator in terms of prediction error, estimating thresh-
olds and other model parameters are presented here. First, the following lemma
provides the derivatives of (") which is useful for proving theoretical results and
developing exact optimization for gLASSO in Sect. 5.

Lemma 4.1 Consider the glLLASSO problem in (9). Leta (0 . ﬁT I

T 7'[2’ YU TN

be a solution. Under HA1-HA®6, the KKT conditions for the solution (9) are

0 me (ym+d X/ ?5) HZTH

> 2, n,j#O, and

1
NA ,
.. ¢ . .
(ii) me (yﬂl+d_ X Z ) fT, forj =1,2,---,N.
B 2
Furthermore, "1 | X, (Ym+d — Tan]) —0.

@ Springer

Journal: 362 Article No.: 1472 [ TYPESET [__]DISK [__]JLE [_]CP Disp.:2023/11/23 Pages: 34 Layout: Small-Ex




3m

312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

M. J.N. Nasir et al.

For a proof of this lemma, see the proof of Lemma 3.1.2 in Nasir (2020).
The following result establishes the consistency in prediction or prediction error of
gL ASSO.

Theorem 4.1 Under HA1-HA2, if A,, = 2(p + 1)co~/(log N)/N, then

P (% |x (" -6V Hi < bn) = 1 -/ (4(p+ 1 log N)Ht/za (10)

where b, = 2knm0qu H(b(l). — ¢?_1 H2 + An ||$] — ¢(1) |2,f0r somecy > 232, ¢ >0
i :

and t > 0.

Proof of this theorem is given as a proof of Theorem 3.1.1 in Nasir (2020). Note
that this result differs from the result obtained by Harchaoui and Lévy-Leduc (2010)
for the change-in mean model, and by Chan et al. (2015) for the reformulated SETAR
in their Proposition 1 and Theorem 2.1, respectively, due to the fact that our gLASSO
does not penalize 0,. The rationale is that the lowest index is not a candidate for a
change-point. Consequently, the error bound obtained in our result is lower than those
obtained by both of the aforementioned studies.

The following theorem establishes the consistency of the estimated thresholds R
when the number of the estimated thresholds is equal to the number of true thresholds
(m = mY).

Theorem 4.2 Suppose that HA1-HAG6 are satisfied. If m = card(ﬁ?t) = m", then

rj—r;

Pl max <vu)—1 as n— oo.
1<j=m®

Proof of this theorem is given as a proof of Theorem 3.1.2 in Nasir (2020), where
the author uses similar arguments as in the proofs of Proposition 3 in Harchaoui and
Lévy-Leduc (2010), Theorem 2.2 in Chan et al. (2014, 2015) and Theorem 3.1 in
Qian and Su (2016). In particular, compared to the proof of Theorem 2.2 in Chan
etal. (2015) for SETAR model, Nasir (2020) provided a different proof and with more

details, to show that P (maxlfjs,no "r} - r?‘ > y,,) — 0 as n — oo. The proof of
this theorem relies heavily on the inspection of the KKT conditions in Lemma 4.1. It
i — r?‘ > ¥, then gLASSO solutions do not satisfy the KKT

conditions and the solutions are not optimal. This theorem also implies that when the
sample size is large, the convergence rate of the estimated thresholds can be improved
when 711 = m° (Qian and Su 2016).

In practice, the true number of thresholds m° is usually unknown and this requires
different results for the consistency of R (Chan et al. 2015). With that, it is shown in
the following theorems that the number of estimated thresholds /7 cannot be lower
than the true thresholds mY, under the HA1-HA6. Moreover, there exist7; sufficiently

close to r? € RO, for some j,whenim > mb.

can be shown that if
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Let

dy (A, B) = sup inf |a — b| (11)
beB A€EA

be a one-sided Hausdorff’s distance (Boysen et al. 2009), from set B to set A, mea-
suring the maximum distance from B to the nearest point in A.

Theorem 4.3 [fHA1-HAG hold, then,

P >mg) — 1, asn — oo.

Theorem 4.4 Suppose that HA1-HAG hold. IfmO <m= card(il)\‘{) < Myax, Where
Muax 1S the upper bound of the number of thresholds, then

P (dH(iT‘{, 9‘{0) < )/n> = P | max min H’r\] —r,?H <¥u| =1, asn— .
rdeR0 7FeR
k J

Algorithm 1: Active Set - Block Coordinate Descent for Group LASSO of the
reformulated SETAR

Data: y, € RV, x7 e RPHL ... xp e RPFL 4, >0, Ay > 0and kmax > 1.

Result: oY <oV satisfying (9), and B.
1 forj=1,2,---,N, do

2 Obtain U; and Dj, from Z;\l:j X7, x,Trl using SVD, such that ZIN:j xmx; = UJT D;U;. Write
D_] = diag (djvl,dj’z, st ,d}.p+1)

3 Initialize: 6V = (0L 07 .- 6% )T < 0,B={1}and B* ={1,2,--- N}\{1,---, 1 + A4}.
4 repeat
5 repeat
6 foreach j € B do
7 if j = 1 then
s ‘ Compute 6, = UlTDf]U]fl(B).
9 else
10 if 2 H 18 H2 /N) > Ay then
11 Compute U; f ;(B) = (vj 1,vj 2, , vjq[,_H)T, where f ;(B) is given in

Q7).
12 Find the unique u j > 0 satisfying (13). Then, compute

—1
—uyT . N .

6x, = UT (Dj+3221,11) " U f 50B).
13 else
14 L Set 6, = 0.
15 until some convergence criterion of parameters is met.
16 UpdateBeB\{jeB:an:O}.
17 Compute 7 = min(arg maxj/eg* ‘fj/ (B) Hz).
s | if Q| fzB)],/N) > A, then
19 LUpdateBeBuﬁandB*<—B*\{E—A*,-~,ﬁ-i—A*}.

)

o until 2 || f7(B)|, /N) < An or card(B) = kinax-
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Proofs of these Theorems 4.3 and 4.4 are given as proof of Theorems 3.1.3 and
3.1.4, respectively, in Nasir (2020). The KKT conditions in Lemma 4.1 are key to the
proofs. The proof uses similar arguments as in the proof of Proposition 4 in Harchaoui
and Lévy-Leduc (2010), proof of Theorem 2.3 in Chan et al. (2015) and proof of
Theorem 3.2 in Qian and Su (2016). Both results are established by contradiction.
These theorems imply that if the thresholds are being overestimated, then there will

be a threshold which is close to the true threshold when i > mP.

5 Algorithms and selection of shrinkage parameter

Following the methods, assumptions and asymptotic properties in the previous sec-
tions, we now provide two algorithms for parameter estimation. Firstly, the aBCD
algorithm for the first-step estimation of group LASSO, and then the backward elim-
ination algorithm (BEA) for the post-selection of thresholds.

5.1 Optimization via aBCD

Here, we implement the active-set strategy (Roth and Fischer 2008) to optimize
(9). The main benefit of using this strategy, for the reformulated SETAR model, is
that we can monitor and assert control over the estimation of the number of change-
points/thresholds up to a upper bound, say k., since we assume that the true number
of change-points/thresholds is fixed and much smaller than the sample size. Particu-
larly, it is designed to discard values of A, for which the cardinality of the active-set
exceeds kmax. Note that when A, decreases, the computation time for the aBCD algo-
rithm increases, as an increasing number of non-zero group of parameters 6, need to
be optimized one at a time.

For the reformulated SETAR model (7), the derivative of penalized least square
function f (6N), defined in (9), is given by

l
Nij
me (ym+d— ,T,Z ) e (12)

for j = 1,2,---, N, where ?j is the sub-gradient. Let /3 and B* be two subsets
of {1,2,---,N} such that B = {i : 0, # 0} and B* = {i : 0, = 0}. We
call B and B* as the active and inactive sets, respectively. For j = 1,2,--- | N,
we then compute the singular value decomposition (SVD) of the Gram matrix
Z,N:j XmXZ;] = UjTDjUj, where Uj is a (p + 1) x (p + 1) orthonormal matrix
and D; = diag(dj,1,dj2, - .djp+1)isa (p+ 1) x (p + 1) invertible diagonal
matrix with d; ; as the eigenvalues of the Gram matrix fork =1,2,--- , p + 1.
NotethatUjTUj =Tps1, |Uj], = tmax |x||2,forx e RPHL

-1
and (va: j X;r[ﬂ‘;{,) = U].T Dj_ U;, where pmax(.) is a maximum eigenvalue of the
matrix, and they require the Gram matrices to be well-behaved for the properties to
hold. The computations of SVD is not expensive since the decomposition only involves
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the jth sumof (p+1) x (p+1) Gram matrices. In addition, these decomposed matrices
can be pre-computed once and stored for later use.

The step-by-step procedure to perform aBCD for gLASSO is summarized in Algo-
rithm 1. It is worth mentioning that our algorithm differs from the one provided by Chan
et al. (2014) in their supplementary material. In the initial estimation step, we set B =
{1}and B* = {1,2,---N}\{1,--- ., 1+ A} and 6" = (0] .0] ... 0L )" =0,
where A, > 0 be an integer which allows a gap between two estimated change-points
(A, is discussed further in Remark 5.1).

The next step is to evaluate the KKT conditions and estimating 6 ;i € 0", for each
J € B until convergence. Given B, existence of solution for {6;; j ‘€ B} is given in
Theorem 5.1. Once the parameters converge, we remove any index j € B which satis-

fies @, = 0. In the final step, we check for any violation of KKT for ” fj/ (B) H2 j €
B*. Specifically, we look for any j that satisfies max (2 Hf}.r (B) H2 /N) > Aj. Let

i = min(arg max ;. H fj/ B) Hz)' If (2 || fz(B) H2 /N) > A,, then we update

B <« BUUWand B* < B*\{u— Ay, ---,u+ A} and the previous steps of
the optimization procedure are repeated. The algorithm halted when the conditions
2 ” [fz(B) ”2 /N) < X, or card(B3) = kpmax are met.

Theotem 5.1 1f (2 £ ;B)[|,/N) > hn, then there exist u; > 0, for j € B\{1}
satisfying the nonlinear equation

p+1 V2‘k
gup =y ——L2 =1, (13)
k=1 (dj,kuj %)

where Uj f ;(B) = (vj.1, V2. . vj ps)" and f;(B) = vazjxn(l)yn1+d -8
Furthermore,

-1
Ul (Dj+520,0) Ui, forjeB\(1)
and (2| £;B)],/N) > .

0z =70, for j € B\ {1} (14)
and (2] £ ;B)],/N) < .
U].TD]._IUjfj(B), forj =1,

where g ; = Z,:ig {Z,ivzmax(i,j)xnhx;h } O, if card(B) > 1, otherwise g ; = 0.
i#]

The proof of Theorem 5.1 is given in the Appendix, and it implies that conditions
(I) and (IT) in Lemma 4.1 are satisfied for j € B\ {1}. Since the minimizer of gLASSO
(9) is convex, the objective function f(8") will keep decreasing for every iteration
and eventually the parameter set 6, will converge to global minimum, as shown in
Corollary 1 and Theorem 3 of Foygel and Drton (2010). Also, this theorem implies that
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root search method, such as the Newton—Raphson or bisection, can be used to search
uj. Note that Foygel and Drton (2010) and Nasir (2020) showed that the function
g(u ;) is strictly decreasing. In our empirical studies, we used bisection approach to
solve for the optimal u ;. Further explanation on u; is given in Remark 5.2.

Remark 5.1 The quantity A, > 0 is an integer for removing 2A, neighboring indices,
ie.u—Ay, -, u—1,u+1,---u+ A, from the inactive-set B*. The rational for
this removal is that once an index is estimated, consecutive indices are not considered
as candidates for change-points. By removing these indices points, fewer irrelevant
points will be selected into the active-set 5. Furthermore, the removal of the points
may caused the aBCD algorithm to speed up as being observed in Sect. 6. The choice
of A, may depend on the length of the time series, where a sufficiently large A, can
be set if n is large. This strategy has been implemented by Chan et al. (2014) for
the structural break autoregressive (SBAR) through their gLAR algorithm. However,
A, cannot be set too large as this might remove some of important change-points,
especially when 7 is small.

Remark 5.2 In our empirical study, the root u ; of (13) is obtained using the bisection
method, in which the property sign(g(a,) — 1) # sign(g(bx)— 1) has to be satisfied for
some a, and b, such that a, < u; < b,. In the case of SETAR model, a, = 1075 and
b, = 10° are deemed to be adequate based on results of simulation studies in Nasir
(2020). Howeyver, occasionally the sign property may not hold for some particular j
when n < 300, even when the initial interval is increased. The problem might be
caused by unstable parameter convergence during the aBCD iterations under small
sample size. To overcome this issue, the quantity u; is temporarily replaced with 1
when this situation occurs.

5.2 Selecting shrinkage parameter and full gLASSO algorithm

For the reformulated SETAR model (7) with homoscedastic variance, we consider the
following BIC (Wang et al. 2009):

BIC(X) = Nlog (R}SVS ) + card (A;) log(N)cy, (15)

where

N

2
t
RSS; = ) <J’m+d —xL Zm)
k=1

t=1

is the residual sum-of-squares (RSS), A, = {k : 79\7,,( # 0} is the set of indices
corresponding to the set of non-zero estimated set of parameters and ¢, > 0 is some
positive constant. The first and the second terms in the RHS of (15) are known as
the goodness-of-fit and criterion penalty, respectively. Since 8" could be group-wise
sparse, we can take an advantage of the sparse feature to reduce the computational time
for the residual sum-of-squares by replacing Y }_, 0nk with > . o 0;,A
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In our simulation studies using SETAR models, we found that the change-
points/thresholds are underestimated when ¢,, > 1. This issueis caused by the tendency
of gLLASSO to estimate an excessive amount of irrelevant change-points along with
the important ones, causing the criterion penalty term of the RHS of (15) to become
excessively large for ¢, > 1. To circumvent this issue, we set ¢, to a very low value,
e.g., ¢, < 0.01, so that all of the important change-points are eventually selected at a
particular range for A. Furthermore, this strategy is equivalent to achieving prediction
accuracy rather than consistent model selection.

We now provide a strategy for choosing the appropriate values of A,. The main
purpose of this strategy is to estimate only a small percentage of sets of non-zero
parameters and the location of change-points. We choose grid of kg values for A,:
)»lz)vmax,)ca“'J»k():)\min,)»l>)»2>"'>)\k0~ -

Let B; be an active set corresponding to each 4; € {4}, with convention By = ¢.
For each A;, we compute 3; := B and the corresponding BIC(};), where B is obtained
from the aBCD algorithm and BIC(A;) is given in (15). At the end, we choose a E,
with the lowest BIC, denoted as g* = arg mingi (v;i), where v; = BIC(};). Finally,

the thresholds are estimated using indices in B;, by R = {ymy_, 11l € g*\ {1}}.

The upper bound kp, is crucial to control how many change-points are estimated
by the aBCD algorithm. Specifically, when the BCD iterations with a particular X;
yields card(B) > kmax, this indicates that the current A; has overestimated the number
of change-points and we may ignore the corresponding output. The full procedure to
run gLLASSO for the reformulated SETAR model is given in Algorithm 2.

Algorithm 2: Complete algorithm for the group LASSO of the reformulated
SETAR

Data:y, € RV, x,, € Rptl, oo Xgy € RPFL ko, kmax > 1 and ¢, > 0.
Result: The threshold set R.
1 Initialize: Seti = 1 and By = @. Setup a grid of shrinkage parameter :
{A1 = Amaxs A2, -+, Ay = Amin}, such that A; > Ay > -+ > Ay, .
2 while i < kg, do

3 | Apply Algorithm 1 with A; and kpax, and obtain 8" and B. Then set
5,- = B.

4 | if card(B;) < kmax, then

5 L Compute v; = BIC(A;), where BIC(4;) is given in (15).

6 | Updatei < i+ 1.
7 Compute B; = arg mingl_ (v;).
8 Generate R = {ym il € Bi\ {3} ;== {7, - . T}, where m = card(R).

5.3 Post-analysis for SETAR

We now focus on obtaining consistent estimators of thresholds for SETAR model.
Given a set of the estimated thresholds R = (77, - - - ,?,ﬁ)T obtained from gL ASSO
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and m = card(ﬁ\‘{), we define the information criterion similar to (15) as
tBIC(, ®) = Nlog(s(Fi, 72, - - , 7)/N) + inilog(N)cE, (16)

where cg > 0 is the criterion constant (see Remark 5.3 for details regarding selection
of cg)and s(r1, 72, -+ , 7)) = Z;'?:ll s(rj—1,7;) is the joint residual sum-of-squares
(jRSS) function, with

n

~\2
s@onT = Y (v —x[8;) Tey 0o, (17)

t=p+1

the residual sum-of-squares function for jth regime. Recall that x; = (1, y;—1, y:—2,
PN yt—p)T and

n

6= > [(xnT) 1@,1@]@,7,1)]_1 3 @onle mi0ea)  (18)

t=p+1 t=p+1

as the parameter estimate for the jth regime.
Leth = Y9 card(R)!/ (i1 (card(R) —i)!) and P(R) := (RE, R, -+, R Jbe

the power set of thresholds where ﬁ\‘ig = {J, the empty set. One way to select the number
of thresholds is by the minimization

R = arg mingp, 5 tBIC(oard(ﬁj),ﬁj), j€f0,1,2,--- k). (19

We write R = (4;7\ 1, -/\,ﬁﬁ) with 7 = card(iﬁ). The minimization (19) implies that
all possible subsets in 2R are accounted. Therefore, the computation of the criterion is
of order of /&, which can be prohibitive if R is a large set.

Chan et al. (2015) suggested an application of the backward elimination algorithm,
or BEA to further improve the computational time for estimating thresholds. Note
that this algorithm is part of well-known stepwise selection approach for regression
(Weisberg 2005, p. 222). The algorithm iteratively removes a threshold from the set
R one at a time, to lower the tBIC given in (16), until no further reduction in tBIC is
possible.

Given R, we can estimate all the parameters for each regime of SETAR model
by (18). The steps for performing BEA and parameter estimation for SETAR are
summarized in Algorithm 3.

The following theorem given the consistency result in estimating threshold via BEA.

Theorem 5.2 Under the conditions of HA1-HA4, and when card(,‘yi) > mO, the BEA
satisfies
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Algorithm 3: Backward Elimination Algorithm and parameter estimates for
SETAR.

Data: y € RN’,\po eRPFHL ... x, e RP* cpand R.
Result: $ i R and r/’ﬁ;
1 Initialize: ko = card(®R).
2 repeat
3 | Compute v,fo = tBIC(ko, 9}), where tBIC() is given in (16).
4 | fori=1,---,ky do
s | | Compute vi,; = tBIC(ko — 1, %\ (7)), 7 € R.

6 | Set UZO—I = min; (Vk,i)-

7 | if v,’{‘o_1 < v,fo then

8 Compute j = arg min; vy, ;.

9 Update R < R\ {Fi,,;} and ko < ko — 1.

10 until v,’:o_ 1= v,’(“0 or kg = 0.
11 Set R == R and m = card({)\%).
w2forj=1,--- kg+ 1, do
13 | Compute $j =
—1 A 2
2ip+ [(xtsz) 1@,1@](%—01)] Yimpr1 Gy, 24 (i-a). Tj €R

P

with conventions 1o = —00 and Fiy+1 = +00.

and there exist a constant b > 0 such that

P( max "rj — r?‘ < bmoyn> — 1.

1<j<mb

Theorem 5.2 can be proved using similar lines as in the proof of Theorem 2.5 in Chan
etal. (2014, 2015). The idea of the tBIC is simple. Assume that all relevant thresholds
are in R and Theorem 4.4 holds. If the estimated number of thresholds is lower than
mY, then the goodness-of-fit dominates the criterion, which leads to P(r/’ﬁ < mo) — 0.
Otherwise, if the estimated number of thresholds is higher than mY, then the criterion
penalty dominates the criterion instead, which leads to P@m > m® — 0.

Remark 5.3 As shown by Gonzalo and Pitarakis (2002) and Chan et al. (2015),
ce = 2,3 usually works better than cg = 1 in correctly estimating the number
of thresholds via BIC provided that model coefficients for each regime are sufficiently
large. Alternatively, one can consider replacing the default penalty term log(N)cg
with N® with § € (1/2, 3/4); refer to Remark 7 in Ciuperca (2011). The latter implies
that as sample size increases, so does cg.
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6 Simulation studies

In this section, we compare the performance between the SLS (Algorithms A1 and 2)
and aBCD (Algorithms 1 and 2) algorithms, along with the two ensemble algorithms
of aBCD-BEA (Algorithms 1, 2 and 3) and gLAR-BEA (Algorithms A2 and 3). Both
SLS (Algorithm Al) and gLAR (Algorithm A2) algorithms are given in the Supple-
mentary Materials. These algorithms were coded using the R language in conjunction
with the Cpp language through Rcpp package (Eddelbuettel and Francois 2011) to
considerably speed up the run time of these algorithms in the R statistical environ-
ment. Simulation studies were conducted on multiple personal computers without
parallelization, each running on a four-core Intel i7 processor with base clock speed
of at least 3.5 GHz. Discussion on the choice of A,,, kmax and A, for these studies is
provided in Remark 6.1.

Remark 6.1 The appropriate range of values for X, can be difficult to determine in
practice. In this section, we determine that Ajax = 0.5, Apin = 0.01 and 20 < ko < 40
are deemed to be appropriate for estimating a moderate number of relevant change-
points/thresholds. Meanwhile, the best value for both kpax and A, can be evaluated
in practice using grid-search approach and BIC, e.g., through BEA algorithm, but was
not considered here for the sake of comparison purposes and reducing computational
costs. Some of these quantities used in our empirical studies may be different in some
previous studies.

6.1 Comparison study: SLS and aBCD algorithms

First, we evaluate the performance of SLS (Algorithms A1 and 2) algorithm and aBCD
algorithm (Algorithms 1 and 2) using datasets generated by the three models given
below.

Model 1 Three regime SETAR(1) with the non-zero intercepts is defined as

1-— O'4yl—l + &, if Vi—1 € (_OO, _08],
=406+ y—1 +er, if y,—1 €(-0.8,0.5], (20)
—1-02y;-14+¢&, if y_1€(0.5,00),

t =2,3,---,n, where & L N(0, 1). The model was introduced by Li and Ling
(2012). Although the coefficient associated with the term y,_; in the second regime
of (20) is exactly one, the overall process {y;} is not a unit-root process since the
stationarity of multiple regime SETAR with p = 1 depends on the first and the last
regimes (Chan et al. 1985; Li and Ling 2012).

Model 2 Three regime SETAR(2) with the zero intercepts is defined as

0.8y:—1 —02y:2+¢&, if y1 € (—o00,-2],
ve=14 19y,-1 —081ly,—a +¢&, if yi—1 €(=2,2], (21)
0.6y,1 —y—2+¢&, if y—1€(2,00),
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t = 3,4, ---,n, where ¢ i N (0, 1). This model was considered by Chan et al.
(2017). In TAR literature, the nonzero intercepts in at least one regime can provide
different levels and variability in the series structure, as well as asymmetry and a mul-
timodal distribution (Niglio and Vitale 2015). With the zero intercepts, identification
of important thresholds might be challenging since both level and variability of the
time series will be limited.

Model 3 The nine regime SETAR(2) with the non-zero intercepts is defined as

Ve =(=45—0.6y—1) I(~c0,-3.51 (Y1)
+(2.5403y-1+09y,-2) I(=35.-2.51(¥i—1)
+ (=2.0 = 0.9yr-1) I(—2.5,-1.5/(y:—1)
+(2.340.7y—1 +0.5y:-2) I~1.5,-0.5](¥r—1) (22)
+ (1.0 +0.1y,—1) [(~0.5,0.51(r—1) + (3.0 = 0.9y,-1) L(0.5,1.51(V—1)
+ (1.6 +0.9y:-1) Ia5.25(yi—1) + (=0.5 = 0.8y,—1 — 0.2y,-2) [253.5/(yi—1)
+ (L5 = 1.1yr—1) 135,000 (Vi—1) + &

t =2,3,---,n, where & i N(0, 1). This model with the same parameters was
considered in Chan et al. (2015) and Chan et al. (2017), with the exception that in
Chan et al. (2017), one of coefficients in the sixth and seventh regimes had opposite
signs to (22).

Three different values were pre-set for A, for the three models. We ran 1000 repli-
cation, where for each replication, all methods shared the same dataset for a fair

comparison. For both methods, the convergence criterion is assumed to be met when

oy —a) Hl <0001, forl = 1,2, , where Oy = @27, 8")T i the

estimates of @y after /th iteration. For the aBCD algorithm, we set kp,x =10,000 to
allow as many threshold estimates as possible.

Table 1 shows the comparison between the algorithms’ performance of SLS, aBCD
with A = 0 and aBCD with A = 10 for three different models. First, we observe
that the results for SLS and aBCD with A = 0 are similar for all models, with a
few exceptions that the aBCD gives equal or smaller average Hausdorff distance, one
less change points estimate in average and much faster convergence compared to the
former for Models 1 and 3. In the case of Model 2, both methods had issues with the
convergence in the sense that both SLS and aBCD alternate indefinitely between a few
sets of solutions. From this results, aBCD is preferable due to its computational speed
while having comparable average Hausdorff distances with SLS.

In the case of aBCD algorithm with A = 10, it has faster convergence although with
a slightly higher average Hausdorff distance for Model 1, and having no convergence
issue for Model 2 when compared to the same algorithm with A = 0. For Model 3,
results of the aBCD algorithm with both A = 0 and A = 10 are the same.
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Table 1 Results of comparison between SLS, aBCD with A = 0 and aBCD with A = 10 for three models
with n = 1200

SLS aBCD with A =0 aBCD with A = 10
A dy #B) T dy #B) T dy #B) T
Model1 0.1 0016 8 3.000 0016 7 0.119 0.019 6 0.036
Model2 04 NA NA 0.033 5 0.047
Model 3 0.1 2039 5 2286 2007 4 0.023 2007 4 0.023

The acronym NA indicates that the method has convergence issue; #(1B) is the average number of estimated
change-point/threshold candidates; dy is the Hausdorff distance equation from (11); 7 is the average time
in minutes to complete 1000 simulations

Original Series Arranged Series
5.0 5.0

25

0.0

-5.0 -5.0
0 200 400 600 800 1000 1200 o 200 400 600 800 1000 1200

Fig. 1 Plots of a realization of original series (left) and arranged series (right) generated from (20), with
n = 1200

6.2 Comparison study: aBCD-BEA and gLAR-BEA algorithms

In this section, the performance of two ensemble algorithms, the aBCD-BEA and
gLAR-BEA for a two-step threshold estimation procedure are compared through three
simulation studies. The first-step estimation procedure for the ensemble algorithms
involves the application of aBCD (Algorithms 1 and 2) and gLAR (Algorithm Al) to
estimate threshold candidates through the estimation of change-points. The second-
step estimation procedure uses the BEA (Algorithm 3) to exclude any irrelevant
thresholds from the set of the threshold candidates obtained in the first step proce-
dure. For each simulation study, we generate 1000 datasets from each model (Models
1-3), where for every replication, each method shared the same dataset for a fair com-
parison. For the gLASSO estimation via aBCD algorithm, we generate decreasing
sequence of twenty points 0.5, 0.474, 0.448, - - -, 0.01 for the shrinkage parameter
A, and the BIC penalty constant ¢, in (15) is set to 0.01.

First, we are comparing both ensemble methods using data generated from Model
1. For this simulation study, we consider sample sizes n = 300, 750, and 1200. For
all sample sizes, we set kmax = 3, 10, 15, 20 with A, = 10 for both aBCD and gLAR
algorithms. Further, we set cg = 3 in the BEA step.

Figure 1 shows an example of plots of original (left) and the corresponding arranged
time series (right) generated from (20). The original time series plot appears stationary
while the plot of arranged series indicates abrupt switching patterns at two locations,
as expected.
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Original Series Arranged Series

4

0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200

Fig. 2 The line plots of an original series (left) and the corresponding arranged series (right) generated
from (21), with n = 1200

From Table 2, we observe that when kmax = 5, the percentages of correctly estimat-
ing the number of thresholds are significantly lower, having much higher rate for both
average Hausdorff distances and underestimation issue is more severe for aBCD-BEA
compared to gLAR-BEA regardless of sample size, indicating there are at least one or
more relevant thresholds are regularly not estimated by the aBCD algorithm under the
preset kmax-

When kpax = 10, the percentages of correctly estimating the number of thresholds
are comparable between both methods for each sample size. However, The average
Hausdorff distances under aBCD-BEA are slighly higher then the ones generated by
gLAR-BEA. The percentages are close to 100% when we increase the sample size
to 1200 for both methods. When we increase the kpy.x to 15 and 20, we observe the
percentages are lower for gLAR-BEA as compared to aBCD-BEA for all sample sizes,
especially when n = 300. It is not surprising that aBCD is computationally slower
than gLAR due to its behavior of estimating parameters until convergence.

Comparing with Chan et al. (2015), for n = 300, we obtain a higher percentages of
correctly estimated number of thresholds for both ensemble algorithms with kmpax >
10, compared to their result 78.1%. Note that this comparison might depend on the
values of A, and cg, which were not specified in their paper.

Next, we evaluate both ensemble methods using data generated from Model 2.
We considered the same settings as in the previous simulation study for the sample
size n, kmax, A and cg. Figure 2 shows an example of plots of original (left) and the
corresponding arranged time series (right) generated from (21).

The plot of original time series in Fig.2 shows that the series looks somehow
stationary. From the plot of the arranged series in Fig. 2, structural changes in the series
are difficult to identify due to vague switching patterns. Furthermore, the switching
appears to be smooth rather than abrupt, unlike the previous model. Therefore, the
threshold estimation for Model (21) might be challenging. We are interested to know
whether both ensemble algorithms are able to identify correct thresholds for this model.

From Table 3, we observe that when kpax = 5, the percentages of correct estimation
of the number of thresholds are comparable for both methods when n = 300. The
underestimation issue occurred by aBCD-BEA were more severe when the sample size
increases to 750 and 1200 under the preset kmax = 5. Meanwhile, gLAR-BEA does
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Fig.3 The line plots of one realization of original series (left) and the corresponding arranged series (right)
generated from nine-regime SETAR(2) of (22), with n = 5000

not suffer any underestimation issue and able to retain the rate of correct estimation
for more than 90% regardless of the sample size.

When we increase knax to 10, 15 and 20, we notice that the underestimation (< 2)
rate for the aBCD-BEA has dropped significantly while having much higher percent-
ages on the correct estimation of the number of thresholds compared to gLAR-BEA
for all sample sizes. In addition, the gLAR-BEA suffered a more severe percentages
decrease on the correct estimation of the number of thresholds (= 2) for all sample
sizes compared to aBCD-BEA despite estimating more thresholds during the first step
estimation procedure. Interestingly, the average Hausdorff distances under aBCD-BEA
are lower than the ones generated by gLAR-BEA for all sample sizes and kpy,ax despite
the underestimation issue.

Finally, we now evaluate both ensemble methods again using data generated from
Model 3. Previously, Chan et al. (2015) applied their version of gLAR-BEA for
n =10,000 with kpax = 40, but A, and cg were not specified. Figure3 shows an
original and the corresponding arranged time series generated from this model. The
original time series exhibit no obvious trend indicating stationarity of the series, but
the plot of arranged series shows an abrupt switching pattern which corresponds to
the multiple structural changes or breaks in the series.

For this simulation study, we consider sample sizes n = 2500, 5000 and 7500, with
1000 replications for each sample size. We fix A, = 20 and choose kpax = 20 and
40 for both aBCD and gLAR algorithms, with cg = 3 for BEA.

The results in Table 4 show that for ky,x = 20, the aBCD estimates 15—16 thresholds
on average while gLAR always estimates exactly 20 thresholds for all sample sizes.
Furthermore, aBCD-BEA struggles to achieve at least 90% of correct estimation for
the number of thresholds for all sample sizes, and having much severe underestimation
issue and larger average Hausdorff distances compared to the ones obtained by gLAR-
BEA.

As we increase kmax to 40, we observe that the percentages of correct estimation
for the number of thresholds under aBCD-BEA are substantially increased and exceed
96% for all sample sizes. Meanwhile, the performance of gLAR-BEA is comparable to
aBCD-BEA especially forn = 5000 and 7500, with a few exceptions where the former
having slightly lower average Hausdorff distances and much lower computational
times.
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Fig.4 The plots of an original series (left) and the corresponding growth rate (right) of quarterly US GNP
time series, from 1947 to 2018

In conclusion, gLAR-BEA is definitely much faster than aBCD-BEA since gLAR
algorithm does not estimate set of parameters in cyclical manner till convergence
as compared to aBCD. However, we observe that the performance of gLAR-BEA in
estimating correct number of thresholds tends to decrease especially for Models 1 and
2 when kp,x increases as too many irrelevant thresholds estimated by gLAR might
cause the BEA to choose model with the overestimated thresholds.

On the other hand, aBCD-BEA is somehow has a better robust and do not suffer
much from the same issue. In addition, we observe aBCD-BEA has higher percentage
of correct estimation number of thresholds compared to gLAR-BEA for sufficiently
large kmax. The average Hausdorff distances obtained by both aBCD-BEA and gLAR-
BEA are acceptable under sufficiently large kmax-

7 Case studies

In this section, the performance of two ensemble algorithms, the aBCD-BEA and
gLAR-BEA for a two-step threshold estimation procedure are compared through two
case studies. Both aBCD-BEA and gLAR-BFEA are applied and several statistics, along
with the estimated thresholds obtained by both aBCD and gLAR are reported. Similar
setup from Sect. 6.2 is applied for the shrinkage parameter A,,.

7.1 Case study 1: US GNP data

The quarterly growth series of United States (US) gross national product (GNP) was
obtained from https://fred.stlouisfed.org/series/GDP. This data has previously been
analyzed by Li and Ling (2012), Chan et al. (2015) and Chan et al. (2017) using
different estimation methods and periods of time series. In this study, we select the
series starting from the first quarter of 1947 to the first quarter of 2018, with a total of
286 observations, and aim to compare and evaluate results of aBCD-BEA and gLAR-
BEA.
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Table5 A summary of two-step threshold estimates using aBCD-BEA and gLAR-BEA with kmax = 10 and
Ay = 10 for the growth rate of US GNP time series (1947-2018); Bolded values indicate equal selection
of threshold for both aBCD and gLAR; Estimated threshold in the first step (ETH1), estimated thresholds
in the second step (ETH2), number of observation in each regime (#0bs.), Bayesian information criterion
(BIC), joint sum-of-squared error (JSSE), individual sum-of-squared error (SSE)

aBCD gLAR

ETHI (1.361,1.629, 1.940, 2.137, 2.514, 3.292) (—0.298, 0.373, 0.833, 1.023, 1.629, 1.840, 2.137, 2.377, 3.292)

aBCD-BEA gLAR-BEA
ETH2 (1.361, 1.940, 2.137, 2.514, 3.292) (1.629, 2.137)
#Obs (122, 68,21, 19, 30, 14) (156, 55, 63)
BIC —108.24 —99.18
JSSE 110.6 155.45
SSE (55.58,32.09, 8.02, 5.52,7.21, 2.19) (82.52, 32.62, 40.30)

We compute the growth rate by the following operation:
¥ = 100(log(x) — log(x;—1)), t=2,--- 286,

where x; is the original observation and y, is the growth rate, and the plots of these
two series are shown in Fig.4. Here, p = 11 is chosen similar to the setup in Chan
et al. (2015). Using likelihood ratio test of Chan and Tong (1990) with p = 11, via
tlrt function of TSA package in R, we determine that the delay parameter d is 6,
based on the highest test statistic of the ratio. The selected value of the delay parameter
coincides with the value used by the aforementioned studies.

We utilize both ensemble algorithms, aBCD-BEA and gLAR-BEA. For both proce-
dures, we set kmax = 10 and A, = 10. For the BEA, we set the information criterion
penalty cg = 5.

Table 5 provides details on the comparison. Using change-points/thresholds esti-
mated by aBCD, the BEA only removes one value from the threshold set. On the
other hand, the BEA removes seven values from the gLAR threshold set. aBCD-BEA
eventually retains five thresholds instead of two via gLAR-BEA, and the BIC and jRSS
suggested that the five thresholds from the former method provide a better fit for the
growth rate compared to the two thresholds from the latter method. This also indicates
that five thresholds estimated by aBCD-BEA may provide better explanation for the
non-linearity of the growth rate of US GNP compared to the two thresholds estimated
by gLAR-BEA.

It is worth mentioning that some of the estimated thresholds via aBCD-BEA are
close to the values obtained in previous studies. For example, our estimated thresh-
olds 1.361, 1.940, 2.137 are close to those obtained by Chan et al. (2017) which are
1.23,1.65, 2.23.
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Fig. 5 The plots of original (left) and the logarithmically (base 10) transformed (right) Canadian lynx
trapping time series, from 1821 to 1934

7.2 Case study 2: lynx trapping data

Next, we analyze the annual Canadian lynx trapping time series in the MacKenzie
river, Canada for the period 1821-1934. The series contains 114 observations and
it is obtained using the 1ynx command in R. The non-linearity of the series has
been initially observed in Tong and Lim (1980). To explain the non-linearity, SETAR
models with at most two thresholds had been previously applied and discussed and
it is assumed that the number of thresholds is fixed (Tong and Lim 1980; Tsay 1989;
Geweke and Terui 1993; Chen et al. 2011; Li and Tong 2001; Tong 1990; Lopes and
Salazar 2006). We are not aware of any previous literature attempting to estimate
SETAR model without fixing the number of thresholds a priori for this series.

Prior to analyzing the time series, we follow the recommendation of Bulmer (1974)
and Tong and Lim (1980) to logarithmically (base 10) transform the time series {x;}

to {y:}:
Yt = logl()(-xt)a t= 17 25 T 1145 (23)

and the two series were plotted in Fig.5. We observe that both plots exhibit strong
cyclical pattern and the data transformation achieves stationarity.

Next, the delay parameter d has to be specified. Previously, Tong and Lim (1980)
set d = 2, justified by the pre-determined predator—prey cycles of approximately 2
years between lynx and its prey (Bulmer 1974; Tong and Lim 1980). Tsay (1989)
applied an F-test with two different AR orders and conclude that: if AR orders are
9 and 11, then d = 2 and d = 3 give the highest F-values, respectively. In other
studies, Geweke and Terui (1993) and Chen et al. (2011) concluded, via Bayesian
inference, that d = 3 gives the highest probability of marginal posterior distribution,
and Li and Tong (2001), via classical inference identify d = 3 using corrected Akaike
information criterion (AICc).

In our case, we run the likelihood ratio test of Chan and Tong (1990) via tlrt
function in R (Cryer and Chan 2008) with different AR orders of p = 3, 8, 12 and 16.
When AR order increases up to p = 16, the ratio gives the highest priority for d = 3.
Based on this, we choose d = 3 for our SETAR model.
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Table 6 A summary of two-step threshold estimates using aBCD-BEA and gLAR-BEA, with kmax = 7
and Ay = 10, for the transformed Canadian lynx trapping time series (1821-1934); Estimated threshold
in the first step (ETH1), estimated thresholds in the second step (ETH2), number of observation in each
regime (#0bs.), Bayesian information criterion (BIC), joint sum-of-squared error (JSSE), individual sum-
of-squared error (SSE)

aBCD gLAR

ETHI1 (2.538, 2.894, 3.340, 3.490, 3.629) (2.033,2.556,2.719, 3.111, 3.359, 3.533, 3.800)
aBCD-BEA 8gLAR-BEA

ETH2 (2.894, 3.340, 3.490, 3.629) (3.359)
#Obs (55,23,11, 11, 6) (76, 30)
BIC —348.12 —337.81
JSSE 1.648 3.513
SSE (0.890, 0.359, 0.260, 0.139, 0.000) (1.978, 1.535)

We set autoregressive order p = 8 for our SETAR model, as in Tong and Lim
(1980). We then applied aBCD-BEA and gLAR-BEA with kyax = 7 and A, = 10. For
BEA, the criterion penalty is set at cg = 5.

The results of the two-step estimation methods are given in Table 6. From the
results, we observe that the aBCD and gLAR estimate five and seven change-points,
respectively. However, none of these change-points are commonly estimated by both
methods and this is might be due to gLAR’s tendency to estimate way more irrelevant
thresholds compared to aBCD. In the final threshold estimate, the aBCD-BEA and
gLAR-BEA retain four and one thresholds, respectively. The BIC results indicate that
four thresholds estimated by aBCD-BEA yield lower jSSE and BIC, indicating better
fit.

The estimated threshold 2.894, via aBCD-BEA, is very close to the one obtained
by Li and Tong (2001) (2.946) via classical inference, and by both Geweke and Terui
(1993) and Chen et al. (2011) via Bayesian inference (3.00 and 2.94, respectively).
Note that Li and Tong (2001), Geweke and Terui (1993) and Chen et al. (2011) only
consider two-regime SETAR models with d = 3. The remaining three thresholds
that we have estimated earlier may provide important information for the additional
non-linear behavior of the transformed lynx time series.

Lopes and Salazar (2006) reported several root mean squared errors (RMSE)
for four different nonlinear models, where their two-regime smooth logistic tran-
sition autoregressive model with d = 3 and p = 11 or LSTAR(11) had the
lowest RMSE (0.153) among all those four models. Our computed RMSE, using

Yo ptl (3: — y)?/N, for our five-regime SETAR(S8) is 0.136, which is lower than

the RMSE of LSTAR(11) model obtained by Lopes and Salazar (2006), indicating
our five-regime model fits better than their two-regime LSTAR(11) model.
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8 Final remarks

In this paper, we have developed an active-set based block coordinate descent to exactly
optimize the group LASSO for the threshold model without orthogonalizing the design
matrix. Furthermore, the backward elimination algorithm is utilized to consistently
estimate relevant thresholds from the threshold set obtained by the group LASSO.
Empirical studies using this univariate model shows that the aBCD algorithm estimates
less irrelevant thresholds compared to the approximation group LASSO algorithms of
gLAR. Furthermore, the aBCD-BEA performs better in terms of correctly estimating
the number of thresholds in simulation studies, and in identifying important thresholds
in case studies compared to the gLAR-BEA. Codes for the datasets and algorithms are
available in https://github.com/jaffrinasir/Algorithms. Note that the aBCD algorithm
can be extended for multivariate SETAR model and the details are given in Nasir
(2020).

It is possible to further improve the performance of estimating relevant thresholds
in the first-step procedure by introducing appropriate adaptive weights for gLASSO
(Wang and Leng 2008), or non-convex penalization approaches such as the group
smooth clipped absolute deviation (SCAD) and the group minimax concave penalty
(MCP) suggested by Huang et al. (2012). In addition, it maybe possible to speed up the
computation of aBCD using parallel computing or majorization-minimization (MM)
techniques (Bradley et al. 2011; Yang and Zou 2014a,b; Jiang and Huang 2014)
and also study the predictive performance of gLASSO for change-point/threshold
estimation. We leave these extensions to future work.
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Appendix

Proof of Theorem 5.1 Since the vector of parameters 8" might be groupwise-sparse
and X in (7) is a block lower triangular matrix, (12) can be simplified as

N N . N,
an(Z)yn1+d N Z Z X, Xz, | O = 5> ¢ (24
I=j ieB \ h=max(i, )

By splitting the second term in the L.H.S of (24), we write

N N
Z Z thxgh 0y = g (B) + Z (me;l) 0,,/.,
ieB \h=max(i,j) I=j
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where

0, card(B) < 1,
(B) =
8;(B) Zz‘_iB_ <Zthmax(i’j) xmxg}() 0, card(B) > 1,
i#]

Since'¢; = 0,/ ||0,,_,. 2 for all j € B\ {1}, (24) can be written as

N N . N r Ninp Ox;
Zxﬂ(l)yﬂ1+d - Z Z Xy Xy, | On + Z (Xﬂlxm> 0 | = ———

! , . . 2 _
I=j iil;j’ h=max(i, j) I=j Hoﬂj 5
(25)
The above equation can be rewritten as
-1
Z Xe X, + ol | f(B), (26)
|| ™ ||2
where
N
[iB) =" Xn)Ymra = &;(B). 27)

I=j

While (26) gives an explicit expression for 8, |0z, |, is part of LHS for j € B\ {1}.

When (2] £;B)|,/N) > i, the Eq. 26) with u; = 6], > 0 can be
written as

NA -
0., =U] (D,- + —”1p+1> Uj f ;(B),

2u
and observe that
2 2
i = [0z 3
N, =1 2 N -1 ?
= |uT ( p+1> Ui f,B| = ‘ (Dj + #le) Ujf;®)
uj 2 J 2
Now ) 7 ?
(a7 +52) 00 "
71 . .
_ 0 (4o +32) : v2
0 v
-1 j.p+1
0 0 (d e+ ) :
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-1
N,
Vj,1<dj,1 + 2u,.”)
-1
. . N p+1 2 p+1 2
vj2 (d./,z + 2u,”) Vi k Vi k

: k=1 (dj,k + Izvf,'-’) k=1 (dj,kuj + N?”)

Niy )\~
Vj.p+l (dj,pﬂ + zu,'-’) 5

that is

1=

2
NA
k=1 (dj,kuj + z”)

When (2 H fj(B) Hz /N) < An, 07; = 0 due to the condition (II) in Lemma 4.1.
For j = 1, the solution in (26) to the non-penalized 8, is simply

N -1
0 =UDT'ULf;B) =D xuxl | f;(B). (28)
=1

where f ;(B) = iy Xr Yr-+a —815). 81(8) = it {5 iy % E, | 0
l
if card(BB) > 1, otherwise g (53) = 0. Hence the proof. O
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