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Free vibrational behavior of layered cylindrical shell filled with quiescent fluid is investigated.
Cylindrical shell with variable thickness, made up of isotropic or specially orthotropic materials is
studied using spline approximation. The thickness variations are assumed to be linear, exponential
and sinusoidal along the radial direction. The equations of motion are derived by extending Love’s
first approximation theory. Irrotational of an inviscid fluid are expressed as the wave equation.
These two equations are coupled. The solutions of the displacement functions are assumed in a sep-
arable form to obtain a system of coupled differential equations in terms of the displacement func-
tions. The displacement functions are approximated by Bickley-type splines. A generalized eigen-
value problem is obtained and solved numerically for the frequency parameter and an associated ei-
genvector of the spline coefficients. Two layered shells with different types of materials under
Clamped-Clamped (C-C) boundary conditions are considered. The effect of relative layer thickness,
length parameter, material properties, and coefficients of thickness variations on the frequency pa-
rameter is investigated.
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1. Introduction

Composite materials offer high strength, high stiffness and lightweight. In addition, composite
materials also have the characteristics of corrosion resistance as well as better damping and shock ab-
sorbance. It can be designed to be far stronger than steel as it can be engineered to be strong in a specif-
ic direction. Composite materials can be found in automotive, construction and aircraft industries.
Meanwhile, laminated composite consists of layers that is combined together to form a laminate. Each
layer is called a ply or lamina. The lamina is the fundamental building block of laminated composite
materials [1,2].

Classical Shell Theory (CST) was first proposed by Love for approximation of bending analysis
of shells which also include a linear analysis of thin shells [3]. The theory was based on Kirchhoff-
Love assumption, which is then commonly referred to as Love’s first approximation theory. Later,
many thin shell theories were developed through different assumptions and simplifications, such as
Reissner, Naghdi, Sander and Fliigge’s theories [4]. First Order Shear Deformation Theory (FSDT)
were then established by relaxing the normality condition [1]. Various researches in free vibration in
shell structures has been conducted to determine the frequencies of the shells. Free vibration of the
shell structures using different theory were studied. Research on free vibration of cylindrical shells
filled with fluid under Love’s theory was investigated using spline method [5-8]. Under FSDT, free
vibration of cylindrical shells with antisymmetric angle-ply [9-10], cross-ply [11], symmetric angle-ply
[12] were investigated. There are also studies on higher-order shear deformation theory [13]. Free vi-
bration of layered cylindrical shells of variable thickness were analysed [14-16].

In this study, free vibration of cylindrical shell filled with fluid with variable thickness is investi-
gated using spline method. Spline method is one of approximate method in solving boundary value
problem [17]. The thickness variations are assumed to be linear, exponential and sinusoidal along the
radial direction. The equations of motion are based on Love’s first approximation theory. Irrotational of
an inviscid fluid are expressed as the wave equation. These two equations are coupled. A generalized
eigenvalue problem is solved numerically for the frequency parameter and an associated eigenvector of
the spline coefficients. Two layered shells with different types of materials under Clamped-Clamped
(C-C) boundary conditions are considered. The frequencies analysis on length parameter, material
properties, and coefficients of thickness variations are studied.

2. Mathematical Formulation

2.1 Equations of shell

A thin layered circular cylindrical shell of having length ¢, constant thickness h, radius r is con-
sidered. Each layer is assumed to be homogeneous, linearly elastic and isotropic or specially ortho-
tropic. The x coordinate of the shell is taken along the longitudinal direction, # and z coordinate are in
the circumferential and radial direction respectively. Equations of motion for cylindrical shell coupled
with fluid is written as

ONy |, 10Np _ph@, MNyg 1Ny 1My 1 M, :phﬁ_z",
ox r 00 ot? oXx r o r ox r? 00 ot?
?*M, 2M, 1 8*M, N, *w p
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where N,,N, and N,, are the stress resultants, M,,M, and M,, are the moments resultants and p is
the pressure.

The fluid is assumed to be incompressible. Irrotational flow of an inviscid fluid undergoing small oscil-
lations is expressed as wave equation. The equation of motion of the fluid can be written in the cylin-
drical coordinates system (x, 6, ) [18]

o°p lop 10°p o°p o%p (2.2)
P R Ry S S e
or® ror r°o60° ox- coot

where t is the time, p is the pressure and c is the sound of speed of the fluid. The x and & -coordinates
are the same as those of the shell, where the r-coordinate is taken from the x-axis of the shell.

The thickness of the kth layer is assumed in the form h, (x) =h, g(x), Where hy, is a constant thickness.
In general, the thickness variation of each layer is assumed in the form h,(x) = h,g(x), and

g(x)=1+C, 5+Ce exp(ijJrCS sin(ﬁ—xj. (2'3)
‘ ( ‘

If g(x) =1, then the thickness becomes uniform. Therefore, A;, B; and D; corresponding to layers of

uniform thickness with superscript 'c ' can easily be obtained as A, = A'g(x), B; =B:g(x), D; = D{g(x),

in which A =>'Qf(z, -z.,). B;:%ZQg(zf—zf_l),Dg =%2Qf(z§—zf_l)withi,j=1,2,6, where 7,7, , are
k=1 k=1 k=1

boundaries of the kth layer.

The displacement components u,v and w are assumed in the form of
u(x,t) =U (x)cosnde', v(x,t) =V (x)sinnde', w(x,t) =W (x)cosnée'*, (2.4)

where x is the longitudinal, 8 is the rotational, w is the angular frequency of vibration, n is the circum-
ferential node number and t is the time.

The following non-dimensional parameters are introduced

| . . h . .
L= é;a length parameter, X = %; a distance coordinate, J, = Fk ; arelative layer thickness of k-th layer, 2.5)
r .

H= 2; the thickness parameter, A = ! /% a frequency parameter, R = %;a radius parameter.
1 t
Here r is the radius of the cylinder and h is the total thickness of the shell. Since only two layers is con-
sidered in this study, therefore, § = §, and 6, = 1 — §;. The thickness of the kth layer of the shell is
assumed in the form h(X)=h,g(X). hg, IS a constant thickness. Therefore,

9(X)=1+C,X +C,exp(X)+C,sin(zX). If (C, = C; = 0), then the thickness variation becomes linear. It
:’;E‘B . If (C, = C, = 0), then the excess thick-
ness varies exponentially. If (C, = C, = 0), then the excess thickness varies sinusoidally. The thickness
of the layer at X = 0 is hy for the first and third cases, but the thickness is hy, (1 + C,) for the second
case.

can be written as C, = % — 1, where i is the taper ratio
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2.2 Method of Solution

In obtaining equations of shell coupled with fluid, substituting Eq. (2.2) into stress and momentum
resultants, then substituting into Eq. (2.1). Next, applying Eg. (2.4-2.5), the equations in the matrix
form are obtained as follows
Lll L12 L13 u 0
Loy Lo Lz ||V =0, (2.6)
L31 L32 L33 w 0

where L; (=123 j=12,3) are the differential operators given as follows

& g’ d 1\g' n d
Lu:dszr%d— S, S AT Ly = ( SSEJ% R(s +S, = (s +S,)+ jdx’
a2 d? (n? 1Yd ¢ 1
|_13:—S4W—84%dxz+{F(Ss+28u)+82§jd—x+§—R(Sz+Ssﬁ+j,

d n 1)¢g’
LZl__E(S +2810+ (S +2811)jdx —E(Sm+s“§j5,

28 d? 2S, S,)d n’ 25, S
L,, :(S10 + R“ +§] e +(S10 +— +§]d—x—?(53 +?6+R_92j+/12’

R

25, S, d? ' 2 s,) ns

L, =D[os, +5, 422 )0 N0 og 2% )d 1 (1+n?)s +n7 22 | -2
R R R g X R

R Jdx?® R JdX R® R*’
g! d2 g!Z n2 grr S 2 . d g/ n2
Lgl:S4EdX2 +[S4(?+Sm? ?—EZ—RZ (S +ZSM) /1254 &—ZSMEE,

/ﬁ\

d> ng’ S; S S d
L, = (2811+S += (S +2812)J S,| S, +S,+= (S +Sn)jw+ﬁ%(2(ss+SM+ES+%)—SA(SZ+§Dd—x
9

2 " " " 1?2
_n n_z Ss+§ +§+S—‘;—Ssg——§g—+s4 Sz+i g___z ,
R{R R R R g Rg RJLQ
" 2

d4 g/ d3 28 g n n2 S g” g!2 dZ
L33=(842—S7)7+(Sf—257)5 +[?5—S7E+¥(4512+288)—S4 ?(ss+2sﬂ)+§—s4 s

RZ(ZS s, 9} eSS0

' 2 2 R R4 RZ R
W9 ﬁ+2%(38+2312)_34 SSn_ZJri d_ g 9 2|14 2 Ja(R) _
gl R R RZ ' R JJdX s, )(g" g2 p.h 3 (R)
+S,| Sy +=2 || =—-=5
R)\g ¢
with
S, = A‘Lz , S, _Azz , S, = By, 5:&, . = BZZ, S, = E)ll .S, = 5)12 ,
Ay Ay fAn A, A, A CA,
S, = 2 M5 =Be 5 - Dn /12=—R°“’2,R0= ph.

CACT AT AT A A,

2.3 Bickley-type Method
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The spline approximation is a lower order approximation which yield a better accuracy than a global
higher order approximation [17]. The displacement functions U (X ),V (X) and W (X) are approximated

by cubic and quintic spline functions U*(X),V*(X) and W*(X ), respectively as follows

U*(X)=22:aixi+§bj(x—Xj)3H(X—Xj),V*(X)=ZzlciXi+§d(x-xj)3H(X—XJ—),
i—0 i=0 i—0 i=0 @.7)

Here, H(X - X;) is the Heaviside step function. N is the number of intervals in the range of X <[0,1]

is divided. The points of division X = X, :%,(5:0,1,2,...N) are chosen as the knots of the splines as

well as the collocation points. Imposing the condition that the differential equations given by Eq. (2.7)
are satisfied by these splines at the knots, a set of (3N +3) homogeneous equations into (3N +11) un-

known spline coefficients a;,b;.c;.d;.e, f;(i=01234;j=012..,N-1) are obtained. The Clamped-

Clamped (C-C) boundary conditions are used to analyse the problem which is
dw

U=0W=0, d—X:O atX =0and X =1.
Thus, Eq. (2.7) reduces to a system which is called as a generalized eigenvalue problem of the form
[M{aj = 4*[P}{a}, (2.8)

where [M] and [P] are matrices of order (3N +7)x(3N+7) {q} is a matrix of order (3N +7)x1. 1 is the
eigenparameter and eigenvector is the spline coefficients.

3. Results and Discussions

Free vibration of layered circular cylindrical shells of variable thickness under clamped-clamped
boundary conditions are analysed. The shells are considered as two-layered shells and two combina-
tions of High Strength Graphite (HSG) and S-Glass Epoxy (SGE) materials are used. Convergence
study has been carried out for the frequency parameters of two layered shells with fluid under C-C
boundary conditions. It was found that the number of knots N could be taken as 14 since for the next
value of N the percent change in the values of A is very low, the maximum being 0.3%.

Fig. 1 depicts the variation of frequency parameter A,,(m = 1,2,3) with respect to the relative
thickness ¢ under linear variation in thickness (n=0.75), exponential variation in thickness (C,=0.2) and
sinusoidal variation in thickness (C,=0.25) as shown in Fig.1(a), Fig.1(b), Fig.1(c), respectively. The
shells are clamped at both ends. The values of the circumferential number n, the ratio of the shell’s
constant thickness to radius H, and the ratio of the shell length to the radius L are fixed as 4, 0.02 and
1.5, respectively. The two layers of the shell are arranged in the order of HSG and SGE materials.
When §=0, the inner layer disappears, and the shell is homogeneous, which is made of SGE material.
When § =1 the outer layer disappears, again the shell is homogeneous, made of HSG material. It is
clearly seen that as ¢ increase, 4,,, decreases for (m = 1,2) for all values of ¢ and 4,,(m = 3) decrease
for 0 <0 < 0.8 and a small increase for 0.8 < < 1.
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Figure 1: Variation of frequency parameter with relative layer thickness under C—C boundary condi-

Fig. 2 shows the variation of the frequency parameter A,,(m = 1,2,3) with the thickness parameters
n for two layered shells under C-C boundary conditions with H=10.02, L =15, 6§ = 0.4and n =4 are
fixed. The effect of linear (n=0.75), exponential (C,=0.2) and sinusoidal (C,=0.25) variation in thick-
ness of layers on frequency parameters is shown in Fig. 2(a), Fig. 2(b) and Fig. 2 (c), respectively. The
thickness is constant when the taper ratio n=1. It is seen that the values of A,,(m = 1,2,3) is almost

constant for all thickness variation.

n
Figure 2: Effect of taper ratio, coefficient of expon
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Fig. 3 illustrates the variation of angular frequencies @ on length parameter for two layered cylin-
drical shell with the materials arranged in the order HSG-SGE with 6 =0.4, H =0.02 and n=4 under
C-C boundary conditions. All the three types of variation in thickness of layers with n=0.75, C,=0.2
and C,=0.25 as shown in Fig. 3(a), Fig. 3(b) and Fig. 3(c), respectively. When studying the influence of
the length of the cylinder for its vibrational behaviour, the angular frequency @ is considered instead
of A.In general, as L increases, @ decreases. In the range of 0.5< L <0.75, the frequencies decrease
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fast. It can be observed that the angular frequencies decrease slowly in the range of 0.75<L < 2.
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Figure 3: Effect of length of the shell on frequency parameter for different types of variation in
thickness of layers under C—C boundary conditions.

4. Conclusion

Free vibration of two layered cylindrical shells of variable thickness is analysed using spline approx-
imation with combination of HSG and SGE materials. The variation of frequencies with respect to the
relative layer thickness, thickness coefficients, and length parameter are studied under C-C boundary
conditions. The frequencies of the shells are significantly affected by material properties, length pa-
rameter, and different coefficient of thickness variations. It can be concluded that the frequency de-
creases as the length of the cylinder increases and it decreases fast in the range of 0.5<L <0.75.
Meanwhile, the frequency is almost constant for all coefficients of thickness variation.
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